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1. INTRODUCTION 
The connectivity and homotopy properties of the orthogonal, unitary, and 
general linear groups of an infinite-dimensional separable Hilbert space H 
have been investigated in the past by Putnam and Wintner [l], Cordes and 
Labrousse [2], A. S. Svarc [3], K. Janich [4], and Kuiper [5]. Putnam and 
Wintner proved that the orthogonal group of Hilbert space is connected, and 
the connectivity of the unitary group was proved by Cordes and Labrousse. 
Svarc, Janich and Kuiper (&arc probably being the first) proved the 
contractibility of a certain subspace of the group GL(H), viz. the subspace 
consisting of elements f~ GL(H) which 1 eave fixed each element of a given 
infinite-dimensional closed linear subspace in H and map the orthogonal 
complement onto itself. It was proven by Kuiper that for the general linear 
group GL(H) consisting of the invertible elements of the linear space L(H, H) 
of bounded linear operators on H into H, all the homotopy groups vanish: 
r,(GL) = 0, k = 0, 1,2 ,..., and further that the group GL is contractible 
as also is the unitary group U. 
It seems natural to ask whether similar homotopy properties hold for the 
general linear group of an infinite-dimensional Banach space. A. S. Svarc [3] 
under the assumption that the Banach space X is an infinite-dimensional 
Banach space with a countable symmetric basis, proved that if the space X 
is the direct sum of two closed linear subspaces X, and Xa , and say X1 is 
finite-dimensional, then the subspace V C GL(X) consisting of those elements 
in GL which leave each element of Xs fixed, and map X1 onto itself, is 
contractible to the unit element in GL. This paper of Svarc clearly indicated 
the complexity of the general problem mentioned above. 
Apart from the work of the authors mentioned above, other related results 
concerning certain sets of operators in infinite-dimensional spaces, that the 
author is aware of, are to be found in the much earlier work of F. V. Atkinson 
[6], and the comparatively recent papers of Cordes and Labrousse [2], 
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Palais [7], and ,ITeubauer [8]. References to the work of other authors will bc 
found in [2] and [8]. 
The object of this paper and its subsequent part is to extend Kuiper’s 
theorem 1 [5] on the homotopy properties of the group GL of an infinite- 
dimensional Hilbert space to the case of the group GL of an infinite- 
dimensional Banach space satisfying A (below), and discuss some applications. 
As far as the author is aware, the theorem proved in this first part of our paper 
has not been proved before. This theorem was announced in [9]. 
Let X be an infinite-dimensiona! (real or complex) Banach space, with norm 
11 x 11 . We shall denote by L(X, X) the linear space of all continuous linear 
operators -4 : X + X, with the topology obtained from the operator norm: 
The composition of linear operators defines a product 
L(S, A-) x L(X, X) ---, L(X, X) 
continuous in both variables. 
The general linear group GL = GL(X) is the topological subspace of 
L(X, X) with the invertible elements of L(X, X) as its points. This is an open 
subset of L(X, X). The mapping which assigns to any f E GL its inverse f -l 
is continuous, and hence GL is a topological group. 
To prove our theorem about the homotopy groups of the group GL we 
shall make the following further assumption about the Banach space X 
throughout this paper: 
X is an infinite-dimensional (real or complex) Banach space, 
with a countable basis {q}& , with the further property that 
A: every closed linear subspace in X has a closed linear comple- 
mentary subspace in X. The basis elements are assumed to be 
all normalised: 11 zi jl = 1. 
With this assumption about our Banach space, we prove the following 
theorem, which is an analogue of Theorem 1 of Kuiper [5]. 
THEOREM 1. All the homotopy groups of GL vanish: r,(GL) = 0, 
h = 0, 1, 2 ,... . 
The general pattern of the proofs resembles the proof of Kuiper’s cor- 
responding theorem for GL in Hilbert space. Nevertheless, the necessary 
modifications in our case make it clear that the generalisations we have made 
are not at all trivial. 
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Concerning the assumption A, we real&e that this assumption places a 
very severe restriction on the Banach space. The next objective should be to 
investigate into the nature of the Banach space satisfying this assumption. 
However, we shall not attempt to deal with this problem in this paper. The 
author hopes that this paper will prove useful, despite the classical conjecture 
which implies that a Banach space satisfying A is isomorphic to Hilbert space. 
2. RELATION BETWEEN THE GIVEN BANACH SPACE AND 
A CERTAIN HILBERT SPACE 
Before beginning with the homotopy questions proper, first we shall, in 
this section, establish a suitable linear mapping of a subspace of X into a 
certain Hilbert space. We note that the result of this section can be established 
under a slightly more general condition than that implied by assumption A. 
Let H = {zi}L1 be a countable basis in X, i.e. any element s E X can 
be uniquely expressed as 3c = CF=‘=, ckzk the ck real or complex numbers, the 
expression for series meaning: /I .r - XI=, ckzlz 11 - 0 as II + co. We shall also 
suppose that the zi are all normalised: 11 zi jl = 1. 
Let Y’ be the linear subspace in X consisting of all the elements 
x = I;==, ckzk , zk E E, such that & I ck 1 2 < a. Let H’ be the linear space 
of sequences of complex numbers c = {c~)~!~ such that XT=‘=, 1 cp I2 < 00 
and XI ckzk converges in X. For elements c = (c~}~=~, c’ = {cJG’},“=, in H’ 
we set 
c + c’ = (Ci + ci’g1; 
cd * c = {CY . c,}; 01 a scalar 
(c, c’) = c cici’; II c II2 = (c, c). 
z 
We shall denote by H the Hilbert space which is the completion of H’ with 
respect to the norm II c II = (c, c)l12. 
REMARK. Amongst the elements in H, besides the elements of H’ there 
will also be the elements c = {ck} such that XT=‘=, I ck I2 < co and CL=‘=, ckzk 
does not converge. 
We now set up a linear mapping h : Y’ -+ H. This is defined as follows. 
We map the element z = C cam E Y’ into the sequence c = {c~}~=~ E H’. 
We note that Y’ is dense in X, and H’ is dense in H. The linear mapping h 
need not be continuous. However, the mapping h has the properties asserted 
in the next lemma, not all of which will be used in this paper. 
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LEnm.4 1. The mapping II zcith P(h) = 1.’ is a one-we, closed, lineor 
mapping which maps 17’ onto H’. 
PROOF. Using a commonly known procedure (cf. [IO] p. 111; [I 1] p. 207) 
with each element s = & c~.=~ in -1- we associate the complex sequence 
ZL’ ~7: {c,]z=r . The set of all sequences zc = {c,(f- such that z:I; clizk is convergent 
in S forms a linear space; we denote this by II’. Define a norm in IIT by 
It follows that for IE = 1, 2,... 
Also, we see that /I z I/ < 11 ‘UI i/ . 
Now suppose {a+-)]~=, is a Cauchy sequence in Y’, with .z(“‘) = CT==, c~‘.z~. 
Let z = lim,,r+m .+), x = xc==, cHxp . Then, from known results (cf. [lo], 
[II] above), we find that for any k = 1, 2,... 
where JI is a fixed positive constant. Hence 
&d + ,R 3 ,(;I) 
h --) Ck Vk = 1, 2,... 
in fact, uniformZy for all k = 1, 2 ,... . 
Next, suppose further {h(z(“‘))}~~=, is a convergent sequence in the H-norm, 
to, say the sequence c’ = (c~‘,~=, . Then XT=‘=, / cirn) - I+’ I2 + 0 and also 
& 1 cB’ I2 < co. Hence, in particular, ck”l) + ck’ as m + co. But we know 
that cinL) + C~ as m + co. Hence 
ChI = c,; Vk = 1, 2,... . 
This proves that the element z = Ck cI;zk belongs to the domain of h, viz. to 
Y’, and h(z) = {cx-}~==, . This completes the proof of Lemma 1. 
3. PROOF OF THEOREM 1 
Our object now is to show that a given continuous map f : S -+ GL of the 
k-sphere S = Sk is homotopic to the constant map g : S + 1 E GL of S 
onto the identity map of X. This will be proved through several lemmas. 
The nest lemma (in the case of Hilbert space) is due to Kuiper [5]. 
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LEMMA 2. The map f. = f is homotopic to a map fi : S + GL such that 
fi(S) C GL is contained in a Jinite simplicial complex in GL, consisting of afine 
simplexes in L(X, X). 
The proof of this lemma in our case is a repetition of the proof of Lemma 1 
in Kuiper’s paper [5], and hence will be omitted here. 
From this lemma it follows that fi(S) ( since it is contained in a finite 
simplicial complex in GL C L(X, X)), is contained in a smallest vector sub- 
space WC L(X, X) of finite dimension < N. Let g, ,..., gN be the elements of 
fi(S) C GL n W that generate the subspace IV. Then it follows that 
LEMMA 3. (Kuiper [5] Lemma 2). The linear subspace in X, generated by 
fi(s) x, with s E S, or by w(x) with w E W, is of dimension < Nfor every vector 
x E A-. 
Our next objective is to prove the following lemma; the proof will be 
completed after some preliminary details have been attended to (Lemmas 
5-8): 
LEMMA 4. 3 injinite-dimensional closed linear subspace X’ C X and a map 
f3 : S -+ GL, homotopic to fi , with 
f3(s) x = x fOY SES,XEX’. 
First we need an inductive definition of a sequence of unit vectors ai , 
certain (N + 2)-dimensional subspaces Ai in X, and unit vectors aio, 
i = 1, 2,... . 
First let a, be an arbitrary unit vector in X, and let the linear subspace A, 
of dimension N + 2 contain the vectors a,, and the vectors 
g&4, j = 1, Z..., N, and a unit vector a,O, linearly independent of all these 
vectors a, and g?(a,), j = 1, 2 ,..., N. 
NOTATION. If M is a closed linear subspace of X, then by virtue of A, M 
admits a closed complementary linear subspace. Any one such complementary 
closed linear subspace, after its choice has been definitely made, will be denoted 
by ‘M. In case M is such that either dim M is finite or codim M = dim(X/M) 
is finite, then the existence of a complementary linear subspace CM follows 
even without the assumption A. (One convenient reference for the proof of 
this statement, is for example, Palais: Seminar on the Atiyah-Singer Index 
Theorem, Princeton, 1965; Theorem 6, p. 109.) 
Now suppose aL , A,, and akO have been defined for K < i, with the 
following properties: A, is an (N + 2)-dimensional subspace containing the 
unit vector a, and all the vectors g,(a,), 1 <j < N, and the unit vector al,” 
which is linearly independent of ak and all thegj(aB), 1 < j < N; furthermore, 
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each subspace -4, (1 c k i i) is in a subspace complementary to the subspace 
which is the direct sum of the -4,) ti << k. Then using the mapping h of 
Lemma 1, the next unit vector CZ< , the (LV + 2)-dimensional subspace -4, , 
and unit aio E d, , are chosen to satisfy: 
Ai is in a complement of the direct sum of A,, 01 < i, --Ii contains ai and 
gj(a,), Vj = 1, 2 ,..., N, aio E di is a unit vector linearly independent of a, 
and of all gj(a,), 1 < j .< -V. 
Let K 3 1 be a number such that 
IIfi(s) II < k’ and IIM-’ II d K for s E s. 
We now proceed to obtain a homotopy of the originally given map 
f. : S -+ GL to a map fa : S + GL such that fa(s) leaves fixed each vector ai . 
For each i = 1,2,..., fix a normalised basis in Ai: 
(ai , L , ke ,..., &.N; ai”) 
with the earlier described properties, viz. the subspace spanned by 
ai , bi.1 y-ey bi,N contains the vectors gl(a,),...,gN(a,), and a? is a unit vector 
in Ai linearly independent of a, , b,,l ,..., bi,N . 
Now let A’ be the set of all elements x E X such that x can be expressed 
(uniquely) as a convergent series: 
x = clal + c&., + ... + cl.Nbl,N + cloalo + +,a2 + cd2,l + ... + c2.d2.,. 
+ czoazo + ... . 
For convenience, for the time being only, we change the notation somewhat, 
and denote the vectors 
a, , b,,, ,..., b,,, , al0 by -or , .xa ,..., .r, respectively (M = N + 2); 
a, , b O 2,1 ,..., b 2,N , a2 by .xM+r , .xM+a ,..., xaM respectively; 
and so on. So A’ is the set of all elements x E X such that x can be uniquely 
expressed as a convergent series in the xi’s: 
x = c,x, + czxz + ... . 
Let A be the closure of 4’. As in Lemma 1, we use a familiar argument, and 
consider a mapping CJI from -4’ into a linear space w’ of sequences 
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w = {cl , cg ,...>. Th is mapping is defined as follows. For x = cF=r cix( 
(convergent in X), define 
w = 9)(x) = (Cl ) c* ,...} E W’. 
This space w’ is made into a linear subspace by componentwise addition and 
scalar multiplication. The mapping is seen to be one-one. Now, as before, 
we dejine 
Then the following lemma holds: 
LEMMAS. I/w([311xII,andforanyi=l 
Next, we would like to know what A, and WI = w’ (the completion of W 
with respect to the norm jl w II defined above) look like, and also the corre- 
spondence between A and WI. For this purpose let (r~(~)}~=r be a Cauchy 
sequence in w’: 
,(m) = {cpy @),...}, m = 1, 2,... 
and {x(m)}~=l the sequence corresponding to {w(~)}, x(~) = zr=‘=, c~*‘x~ , 
m = 1, 2,... . For any given E > 0, 3N = N(E) > 0 such that m, m’ >, N * 
Hence, 
?Z>l 
Therefore, 
fZ>l 
i.e. 
n>l 
and 
and m’ b N * 
j/ 
, 
k=l 
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where ciz = lim,,,,, cl,“‘), k = 1, 2 ,... . Since the sequence {.Y’~~~);I,~,=, converges, 
to an element, say L’ E S, it follows that (with IYZ’ 2 :V suitably chosen): 
for n sufficiently large. We thus obtain, with the above notation: 
LEMMA 6. 
and WI (the completion of W’ with respect to the norm 11 w 11) consists of sequences 
w = {cl , c.) ,... > where xr==, ckxk converges in X. Also A (closure of A’) consists 
again of elements x such that .t” has a unique expression as a convergent series 
N = xF==, cFxk . The correspondence v (defined above) extended from A’ to =1 
maps A one-one onto W, , and is continuous. 
Next we modify the above situation somewhat. With the same notation 
as above, let B’ be the set of all elements z E X such that z is expressible as a 
convergent series 
y = 3’1 fyi? + ..* 
with yi E Ai, i = 1, 2 ,... . Such an expression is clearly unique for any 
y E B’. Let B, be the closure of B’. Using arguments similar to those of the 
last lemma, we next obtain 
LEMMA 7. B, consists of all elements y such that y can be uniquely expressed 
as a conoergent series: y = xTCly; with yi E Ai , i = 1, 2,... . 
NOTATION. “{e..}” shall mean the closed linear subspace generated 
by ... . “0” shall mean “direct sum”; in Hilbert space “@” shall mean 
“orthogonal sum”. 
Next, we consider the finite-dimensional subspace Ai for some i. For 
w E fi(S), we know 
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For any given w l fr(S), we make a choice of a linear subspace in Ai comple- 
mentary to the subspace {wq} @ {a,“}; similarly choose a linear subspace in 
di complementary to the subspace {ui} @ {a,“). This is done for each 
i = 1, 2,... as follows. We make use of the mapping established in Lemma 1 
in Section 2. Consider the Banach space A of Lemma 6, and associate with A 
a Hilbert space HA by the method of Lemma 1. \\:e shall denote the mapping 
12 restricted to Ai by hi , and the image of A in HA by Hai . This mapping hi 
then maps Ai one-one onto HAi bi-continuously, and the basis elements 
ai ? h.1 ,.**7 bi,N 7 aio of Ai are mapped by hi into orthonormal basis elements 
of HA,. For any given zu E,~~(S), we now decide upon the subspace in Ai: 
as our chosen subspace Ei in di complementary to the subspace 
{wq} @ (q”}. Similarly we decide upon the subspace in Ai: 
as our chosen subspace Fi in Bi complementary to the subspace {a,“} @ {q}. 
Let B, be the closed linear subspace in B, consisting of vectors (for a 
given w Efi(S)): 
(2) 
with vi E Ei , vi’ EF, , i = 1, 2 ,..., for which the following series are also both 
convergent: 
(3) 
where the scalars pi , qi , pi’, qi’, and the vectors bi , ci , bi’, ci’ are given by: 
wui = p,ui + bil pi , qi scalars 
vi = qiui + ci\ bi , ci E Fi (vectors) 
ui = p,‘wu, + b,‘\ pi’, qi’ scalars 
vi’ = qi’wui + ci’) bi’, ci’ E Ei (vectors). 
(5) 
(6) 
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The subspace B, (for a given ec Efl(Sj) is certainly nonempty. In fact it 
contains the closed subspace of vectors s which are convergent series in the 
wai : 
and also it contains the closed subspace of vectors x which are convergent 
series in the ai : 
&,h’) 
x=ix&p (8) 
hence B, is certainly infinite-dimensional. 
Let E, be a complement of B, in B, (for the given ZL ~fr(S)) and E, a 
fixed complement of B, in X, and let E = E, @ E, . 
Define the two operators @r(w), @a(~) : B, --f B, as follows. Let x E B, 
be written as in (1) above 
Then following Neubauer [8] (i), p. 127, define 
Next let x E B, be expressed as in (2) above: 
Then define 
(9) 
Making use of (5) and (6) we note that: 
= w4 T I& ui + (PiPi - qi) uio + (--,Bibi + Ci) 1; 
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Both QI(w), @a(w) are compact (cf. [12] p. 279), one-one operators on 
B, % B, . Further, from (11) and (12) above we see that the ranges of 
D1(w) and @s(w) are identical. 
Next define, for the given w gfi(S) and t E [0, I], G,(w, t), G,(w, t) : B,+ B, 
bY 
Gl(w, t) = (1 - t) . 1, + t * @$(w); (13) 
G,(w, t) = (1 - t) * ls, + t * @&). (14) 
For 0 < t < 1, it is known that G,(zo, t), G,(w, t) both belong to GL(B,), 
and for t = 1 their ranges in B,, are identical and hence Vt E [0, l] 
G&u, t)-l G,(w, t) E GL(B,). 
Now de@ for w ~fr(S) and t E [0, 11: 
k(w, t) = G,(w, f)-l G,(w, t) on B,, 
= l.E, the identity on E, 
k(w, t) defined by linearity everywhere in X. 
(15) 
We have to show that K(w, t) is continuous jointly with respect to w E-/~(S) 
and t E [0, I]. For this purpose consider a given x E B, (for a given w ~fr(S)) 
expressed as in (1) and (2) above: 
WetrytofindyEB,,, 
G,(w, t) y = G,(w, t) ix. (17) 
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We writey as in (2) above: 
From (16), (18), and (11) we obtain the following equations: 
(It0 
(19) 
This yields the following set of equations for each i = 1, 2,... . 
h0.i) $ ’ 7)pmt) + (1 - t) ’ ci = -5 ai(‘D) + (1 - t) pi ; 
2i 
(20) 
p - t) + +t @J-t) = (1 - t) Vj’ + & * (-pjbj + Ci). 
Hence we obtain for each i = 1, 2,... 
v+.t) 
e 
1 
t 
(1 -t)+F 
I(1 - t) vi’ + $ (-fiibi + ci)/ 
(21) 
1 . 
(1 -t,+; 
[ I( 1 - t) + +I vi’ - ; vi’ + $ ( -&bi + ci)] ; 
and 
p.t) 
z = & * [(l - t)2. +& +$xp) + (l $) t .{p,-(p,pi-pi)}]; 
I I 
(22) 
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i(1 - t)” 
+ ( II wai II ~+~IBi-~13i+~(Bip1-qi)] 
(23) 
1 2 
Dtcs = (1 - tJ2 . ,, wai ,/ + $ 
is the determinant of the first two equations in (20). LVe note that 
k(w, 1) wai = aj Vi = 1, 2 ,... . 
For our present purpose of establishing continuity of K(w, t), we need only 
consider the effect of K(w’, t’), K(w, t) on a vector xEBr31/ x/i 52 1. We 
approximate to this vector x as closely as we please by a vector .Y~ which is 
a finite sum of xi, E djk , k = l,..., m say, and hence E B, for any u! ~fr(S). 
Using the above notation it follows by earlier arguments that Vi = 1, 2,... . 
1 aIp0) 1 < M, 1 cp) / < M, I Pi I < iv17 
II h II < M, II ci II < M, I Pi I < 111, I qi I < fif; 
(25) 
for some fixed positive constant M, uniformly with respect to zu Ebb. 
LEMMA 8. k(w, t) is continuous jointly with respect to zu ~fr(S) and 
tE [O, 11. 
The complete details of verification of this statement will be omitted. 
Now we define 
ftW = wl(S)~ t - l).fds) for 1<t<2. 
Then clearly f,(s) E GL for 1 < t < 2. Also we note that 
c2(s) ai = k(w, 1) wai = ai , i = 1, 2,... . 
Now let X’ be the closed linear subspace in X with the countable basis 
{aI , a2 ,-. }. Then ?X (a complement of X’ in X). We choose one such com- 
plement, call it XI and keep it $xed throughout the sequel. 
Let p’ and p, be the projections of X onto X’ and X, respectively. So 
p’ +p, = 1 EGL. 
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\fTe note that f?(s) maps S’ onto S’ in a one-one manner. 
Nest, consider the set (with the above notation): 
?I” = [w E GL 1 IL : p’ + ZL~PJ. 
For g E 11” (which implies gx = x for all .x E X’), let 
9 = P’ + P&P1 . 
Then 
cog IX’ = lx, the identity on X’, 
wg(X1) = Xl . 
Let 
ft(4 = (3 - t)f2(4 + (t - 2) 4fz(s)) for 2<t<3. 
Then ft(s) is continuous in s and t, and for t = 2 yields fs(s), whereas for 
t = 3: 
f3(s) x = x vx E X’, 
f&) 2% = Xl * 
This completes the proof of Lemma 4. 
We see that f3(S) C 1; where V is the subspace in GL: 
I; = [g E GL 1 g lx, = lx, E GL(X’) andg(X1) = Xi]. 
It has been shown (see for example Lemma 7 in [5]) that the corresponding 
subspace I; C GL(H), where H is an infinite-dimensional separable Hilbert 
space, is contractible in T’ to lcGL(H). It appears difficult to establish such 
a lemma in our case, viz. the case of GL(X), X being an infinite-dimensional 
Banach space satisfying the assumption A. We shall, however, avoid having 
recourse to such a lemma in our case, and be content with the following weak 
substitute for the above mentioned Lemma. 
LEMMA 9. The map f3(s) is homotopic to the constant map: S + 1 E GL. 
PROOF OF LEMMA 9. We first notice that since {zl, z2 ,...} is a basis in X, 
therefore each element u E X, C X is expressible uniquely as a convergent 
infinite series: 
u = ClZl + c2.z2 + *.a . 
Hence, for u E X1: 
u = p,zc. = c1pg, + czpgs + ... 
= c?nIP1%I + c~P,%l, + ... 
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where the prz, , i = 1, 2,... are the nonzero elements in the sequence 
(plz,}~Zl . We shall henceforth take this representation: 
as the canonical representation of any element in X1 . Then, for any given 
g ifs, any II E Xi can also be uniquely expressed as 
Any element .r E X can be uniquely expressed as x = u + v, u E Xr , v E X’. 
Therefore any element x E X can be uniquely expressed as (for a given 
g EhW 
Now let g be a fixed element in f,(S). S’ mce x satisfies A, the subspaces 
X’, X, also satisfy A. Also, denoting by lV* the dual of a Banach space IV, 
we define a subset EC U’* to be a total set if 
XE w, f(x) = 0 V’E E 
*x=0. 
The dual X’* of X’ contains a countable total set, as also does the dual of X1 . 
In fact, let 
x’ = C djaj E X’. 
i 
The family {xi*} E X’* 3 x:*x’ = di , i = 1, 2,... is a countable total set in 
X’*. Next, let 
gPlzWI j
xl =Ccylgp _,, E-G* and also let 
l%, 
x1 = 1 c& 
Pl%l, 
j j J II gPl%z, II 
where g is the given element infa(S) un d er consideration. Then each of the 
two families {ui*}, {vi*} E X1* defined, respectively, by 
ui * xl = Cmi 7 
vi*xl = c;, ) 
for i = 1, 2,... is a countable total set in Xi*. 
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Again following Neubauer [8] (i), p. 127, \ve now define the operators 
S’, S, , S, as follows. Let {9,)-F=r , {/3JT=r be two sequences of positive numbers 
such that 
zj3i -c ir. 
L 
Define 
S’: A-‘-+X,; J”.y’ = 1 w-.v;*.y’) . p$ ; 
i l%l ‘ 
Then each of S’, S, , S, is a one-one bounded (in fact compact; cf. [12], 
p. 279) linear operator. Let s E X, .v = x’ + sr , N’ E X’, .x1 E X, . For 
t E [0, I], the operators T’(t), T,(t), Ta(t) are now defined by: 
T’(g, t) on X’; T’x’ = (1 - t) . x’ + t . S’x’; 
Tdg, t) on S, ; Tp, =(l -t).x,+t.S,.r,; 
T,(g, t) on X; ; Trp, = (1 - t) . x1 + t . S,s, . 
Next, define, for t E [0, 11, 
/ 
T’(g, t) 
WR, t) = T&t 4 
W& 4 
on X’, 
on Xl, 
defined by linearity on X, 
on X’, 
on T,, 
defined by linearity on X. 
For 0 :< t < 1, it is known that Ul(t), U,(t) both belong to GL. For t = 1, 
we notice that the ranges of U,(g, l), U,(g, 1) are identical: 
~(W, 1)) = W(W& 1)). 
NOW define T’(g, t), Tl(g, t>, Tkg, 4, udg, t), cr2(g, 4, for every g E./~(S) in 
the same way as above. 
We now continue the homotopy obtained earlier as follows. Dejine a(g, t), 
for g E.~JS) and t E [0, l] by: 
4g, t) = U*(g, t)-’ Ulk, 9. 
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We have now to establish the continuity of a(g, t) jointly with respect to 
g ifs and t E [0, 11. F or this purpose we consider a given N E X, 
x = sr + x’, and suppose (for a given g ifs): 
and also 
x1 = 1 k$; 
Pl%n, ‘21 II PlzWZj 11 Pl’W2 j
j lkPl%Ij II = c IIgPl%, II 
.-. 
II Pl%lj II ’ 
let 
x’ = c diaj . 
For t E [0, l] we want to find y E X, 
U*(g, q J’ = U,(g, t) .x”. 
Let 
and y' = C dj’(‘*‘)q . 
1 
Then 
U2(t) y = (1 - t) yr + (1 - t) y’ + t C &c:$t)aj 
i 
Equating this to Ul(t) x yields the following set of pairs of linear equations to 
determine c$se, di(g*t). 
(1 -t)yl+t~(-)ajd+‘*f)~=(I -t)q+tz(-)qd,&; 
j , 3 1 
(1 - t) y’ + t C fijc,$*t)aj = (1 - t) .x’ + t C /$c~~aj ; 
i j 
forj = 1, 2,... . These equations are the same as the following: 
I t C (-) oIi d;(U.t) ‘lzmj 
j II Pl%lj II 
(1 - t) 1 d,‘(“st)aj + t C fi,c$‘” ai = (1 - t) c dj aj + t C /3&~aj ; 
3 3. j j 
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forj = 1, 2,... . This yields the following set of equations for each j m= I, 2,... . 
II Pl’WLj II ,(g,t) 
(1 - t, ~~~~~~~~ 1,Goj 
/(e.t) 
+ Cef) aj (t, 
= (1 - t) . ,izcI,‘\, kk:. + (-t) CQ dj ; 
i 
tpj&y + (1 - t) Cp*‘) = t/3/2; + (1 - t) dj m 
For fixed j, the determinant of the simultaneous linear equations in the 
unknowns c,$*“, dicgst) 
is 
II Pl%l, II 
Dlj’ = (1 - t)* * ,, gplz,,, ,, + tsoljflj f 0. 
The solutions of these sets of linear equations are as follows: 
d;kt) = 
t(l - t){c:; - A:;;} 
Dlj’ 
+ j; d 
for j = 1,2,... . Note that xi E ;U, can be written in a unique way as 
x = Cj b,,prz,, , and hence 
= bmj, j = 1, 2,... . 
It follows that a(g, t) is continuous jointly w.r.t. g ~fa(S) and t E [0, 11. 
Nest, we note that for g ~fa(S) and t E [0, 11, cx(g, t) E GL, and 
4g9 1) gPl%I, = Pl%j) . 
a(g, 1) gai = Cx(g, 1) aj = djQ = I9 2Y* . 
Now we deJne (g Ebb): 
ff(4 = 4gv t - 3)gN for 3<t<4. 
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Then (g ~fd9: 
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f3(4 = ids) 
f4N Pl~~j = Pl%2j 
f4(s) aj = a(g9 1)gaj = a(g, 1) Uj = aj 5 j = 1, 2,... . 
The first condition here clearly implies thatf,(s) lx, = lxl, andf,(s) Ix, = lx, . 
This completes the proof of Lemma 9, and hence the proof of our theorem. 
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